CSE160 — Transformations

How can | move objects?
Transforms in 2D

Matrix: Transforms in 2D

2D homogeneous coordinates
Matrix order matters

3D transforms

Hierarchical transforms
Assignment 1
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How can | move objects?




Transformations

void drawHouse() {

glBegin(GL_QUADS);
glVertex2d(0,0);
glVertex2d(0,1);
glVertex2d(1,1);
glVertex2d(1,0)

glEnd();

Il .... Lots more stuff

}

void main() {
// Draw house at origin
drawHouse();

// Draw house somewhere else
7?7?77

}



Transformations in character rigging

Trarslate Z 6533
Rotate X 0
RotateY 0
RotateZ 0
Toe Roll 0

0

Front Foot Roll 0

Front Foot Twast 0
Back Foot Roll 0

7S J S S
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Cube

('11 11 '1) (1111'1)
(1r'1l 1)
(1,-1,-1) 1,-1,-1)
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Consider drawing a cube person
/]
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Basicidea: f transforms x to f(x)




Exercise: Find the function()

7] 7?

=y
‘@ 5 =
Vertex buffer array Vertex buffer array
0,0 1,3
2,2 4,2
20 f() 12
0,2 4,3
1,3 5.5,2.5

2,2 4,2



Transforms in 2D




Scale

So (X3) So (x2 )

Uniform scale:

Sa(X) = ax

X0

: ; >
X1 Sa(x0) S2(x1)

Non-uniform scale??
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Rotation

v v

Ry = rotate counter-clockwise by
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Rotation as circular motion

A

R()(Xz)

Ry(x1)

Rilzo)

v v
Ry =rotate counter-dockwise by

As angle changes, points move along circular trajectories.

Hence, rotations preserve length of vectors: |R9 (x)| = |X|
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Translation

| b Th(xo) Tw(x1)

Ty, — “translate by b”
Tyh(x) =x+Db
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Reflection

Rey(xa) Re,(xs)  Iley =reflection about y

Re, (x1) Re, (xo)

Re,. =reflection about x

R?m(XO)

Reg(x3)
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Shear (in x direction)

A A

H,(x3) Hy(x2)
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Compose basic transformations to
construct more complicated ones

4 A f(x) = T53,1(S0.5(x))
X3 x2 /(xs)e_of(x2)
® @ 1
L %
/(XO) f(Xl)
7 .x1 > < >
; v

A f(x) = So.5(T3,1(x))
Note: order of composition matters

Top-right: scale, then translate | |
Bottom-right: translate, then scale - e e
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Common task: rotate about a point x

A
o
X
v
A
X
[ ]
Step 2: rotate

A
X
L
Step 1: translate by - x
—p
\ 4
A
X
®
Step 3: translate by x
—>
\ 4
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How would you perform these transformations?

A A

f(x3)

Usually more than one way to do it!
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Matrix: Transforms in 2D




Scaling in 2D

Scaling
e Multiply each coordinate by a constant amount:
x’ =rXx
y, = Sy

e Use matrix notation for compactness:

V1=l I

p' =Sp

e Scaling is a linear transformation

! (rF)




Translation in 2D

Translation
e Offset each coordinate by constant amount:

x = x4+ Ax
Y =y+Ay

¢ Use vector notation for compactness:

MEHEN

p=p+d

¢ Translation is an affine transformation, but not
a linear transformation

(X,y)

—

(x,Y')
Ay +




Rotation in 2D

Rotation
e Rotate about the origin by some angle:

X = pcose x' = pcos(¢p+0)
y=psing Y = psin(¢ +6)

e Use polar coordinates to solve for new positions:

x' =xcos@ —ysinB
y =xsin@ +ycos 0

e Use matrix notation for compactness:
x| | cos® —sin@ x
y | | sin@ cos6 y
p'=Rp
e Rotation is a linear transformation

. (1,0)

(cos 6,sin 0)




Rotation matrix (2D)

Question: what happens to (1, 0) and (0,1) after rotation by 0?
Reminder: rotation moves points along circular trajectories.

(Recall that cos @ and sin € are the coordinates of a point on the unit circle.)

4 Answer:
Ry(1,0) = (cos(d),sin(0))
(0,1) Ry(0,1) = (cos(0 + m/2),sin(0 + 7/2))
Which means the matrix must look like:

- (1,0 _ Ry — [ cos(f) cos(f+7/2)
sin(f) sin(0 + 7/2)

| cos(fd) —sin(6)

v | sin(@)  cos(6)
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Rotation matrix (2D): another way...

sinf cosé

R, — [cos f —sin 9]
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Shear

I

_*

%
2 | Shearinx:
1 s
By A
E > + =
i
Arbitrary shear: Sheariny:
1 S 1 0
t 1 ] Hys = [s 1]
=P
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Fundamental Transformations

Translation p=p+d
Scaling p'=Sp
Rotation p=Rp

Affine Combinations
e Any affine transformation can be represented as a sequence of these
three fundamental transformations
e Because translation isn’t a linear transformation, it can’t be represented
as ann x n matrix in R"
e This prevents us from writing affine transformations as concise
sequences of n x n matrix multiplications...



How do we compose transformations?

Translate then rotate then translate then scale?
S(R(p+T)+T)

Not very clean or compressible, homogeneous
coordinates are a clever trick to turn this into:

STRT*p = M*p

N/

matrix



2D homogeneous coordinates




2D homogeneous coordinates (2D-H)

Idea: represent 2D points with THREE values (“homogeneous coordinates”)

So the point (7,y) is represented as the 3-vector: [:L Y 1] g

And transformations are represented a 3x3 matrices that transform these vectors.

Recover final 2D coordinates by dividing by “extra” (third) coordinate

]~ (5

y/w

(More on this later...)
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Example: scale and rotation in 2D-H coords

m For transformations that are already linear, not much changes:

'S, 0
Ss=10 S,
0 0

0
0
|

Ry

[cos 6

sin 6

0

—sinf® O]
cos 0
0 1

Notice that the last row/column doesn’t do anything interesting. E.g., for scaling:

Ss

%
Y
1

S,z

S,y
1

Now we divide by the 3rd coordinate to get our final 2D coordinates (not too exciting!)

e |

8.2

S,y
1

- |

|

S.2 ]
S,y

(Will get more interes-ting when we talk about perspective...)
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Translation in 2D homogeneous coordinates

Translation expressed as 3x3 matrix multiplication:

Tpb= [0 1 b,

]. 0 b;p-
TbX = |0 by

[—

0 0 1

Xz Xz + by
Xy | = | %y + by (remember: just a linear combination
1 1 of columns!)

Cool: homogeneous coordinates let us encode translations as linear transformations!
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Transformations in Homogenous Coordinates

Scaling

i

Rotation

x/ cos® —sin® 0 X xCcos 0 —ysin6
y | = sin6@ cos6 O y | = | xsin@+ycos6
| 0 0 | | |

Translation

i



Linear transformation gallery
5 0] |xz|  |sz
0 s||y| |sy

1.5 0
0 1.5

* Uniform scale

Corpell C5455 Fall 2004 » Lacoure 3 2004 Seave Marschrer = 3

Linear transformation gallery

0 sy) (¥

» Nonuniform scale |:5$ G] |:'T':| _

BT
SylY

1.5
0

0
0.8

R R

Cornell T34€3 Fall 2004 » Lecoure B

1 2004 Seeve Marschrer =

[

Linear transformation gallery

|-

Ro®

Corpell C5455 Fall 2004 » Lacoure 3 & 2004 Sreve Marschner« |

« Rotation [cosﬁ — sin 6’]

xcost — ysin 9]

sinfl  cosf xsinf + ycosd
U 866 — D.'fr
0.5 0. Sﬁﬁ

Linear transformation gallery

+ Reflection

— can consider it a special case
of nonuniform scale

R A

Cornell T34€3 Fall 2004 » Lecoure B

—1

D

1 2004 Seeve Marschrer =

12



Affine transformation gallery

* Translation 1 0 t,

0 1 t,
0 0 1

Cornell CS465 Fall 2004 « Lecture 3 © 2004 Steve Marschner = 21

Affine transformation gallery

* Uniform scale s 0 0 1.5 0 0
0 s 0 0 15 0
0 0 1 0 0 1

R R

Cornell C54€5 Fall 2004 « Lecture € © 2004 Steve Marschner = 22

Affine transformation gallery

* Nonuniform scale

s 0 0] [1.5 0 0
0 s, 0 0 08 0
0 0 1 0 0 1

R R

Cornell CS465 Fall 2004 » Lecture 3

© 2004 Steve Marschner « 23

Affine transformation gallery

* Rotation[cosf —sinf 0| [0.866 —0.5 0
sinf cosf 0 0.5 0.866 0
0 0 1 0 0 1

L ‘
Cornell C34€5 Fall 2004 « Lecture § © 2004 Steve Marschner * 24



Q on 2D transforms

A

R.

1 0 215
(A) |0 1 085
00 1

(1.5 0 0]
B) o 15 o
.0 0 1
(1.5 0 0]
(C) 1o 08 0
(0 0 1

(D) | 05 0866 0
0 0 1

[0.866 —0.5 0}



Q on 2D transforms

R R

[1 0 2.15
0 085
0 0 1
(15 0 0]

0 1.5 0
0 0 i
(1.5 0 0]

0 08 0
[0 0 1]
[0.866 —0.5 0

0.5 0.866 0
| 0 0 1



Participation Survey

Also check out this matrix app
from past student in the class:

http://demipixel.com/matrix/
Participation Apr 14

Form description

s for UC Santa Cruz users. Change settings

This form is automatically collecting email addre:

I was in class Apr 14
Yes

No

- (=] @ ]
TinyU | B cse1e | ] csete | B8 QRCc @ de x M 4 I have finished Lab A1
2 O =0 ¢ o : Yes

» Other bookmarks

Syllab | ] Googl | & Attenc | [ CsEL6 |

-_— Wy
7 Goog
<« C Y A Notsecure | demipixel.com/matrix/

G bollarc | M QL

i1 Apps % Bookmarks G Manageyourconta.. & e Homeimprovem.. Grades and Attend... 1 Bellus3d Developer..  ; Huawei M3 Power..
& Matrix Transformer Help Developers No, but | will pretty soon

Matrix Transformations New Shape
/ o N
No, and | am really stuck
Other.
We have tried Breakout Rooms in Zoom for discussing short questions in class. ("Which answer is
B right? ABCDE?") Should we do this?
Suggestions:  Add sl No Maybe
| Yes, its good to discuss with classmates in smaller group
|
No, technical problems were too high, so not worth it
-15 -10 -5 5 10
Other.
We have tried both Slido and Zoom Chat for question asking in class. Which do you prefer?
-5
Slido (separate web page with upvote interface)
—o0te |t
Show all X

~ | 1§ Fundamentals of C...pdf A
Canceled

~ | ®m ~ | B colorModelspdf

O bbbexsexe B ViewingProjetionT...pdf



http://demipixel.com/matrix/

Matrix order matters




Composite affine transformations

* In general not commutative: order matters!

4 )

rotate, then translate translate, then rotate

Comnell C54&5 Fall 2004 » Lecoure € @ 2004 Steve Marschner = 28



Multiply matrices in which order?

k 3

Y

5{\(9& 9000“6
rotate, then translate translate, then rotate
p° = [RIy [T] p
o o% S{\(gk’
x’ cos®” —sin®@ O [ 1 0 Ax ][ x]
Y | = sin6 cos® 0 0 1 Ay y
| 0 0 | 0 0 | |
X/ 1 0 Ax |[ x T
vV l=10 1 A )
[ 0 0 1 |

x! cos® —sin@ O X
YV | =1 sin@ cos® 0 y
1 0 0 | [



OpenGL Right multiplies matrices

-

Y

5{\(‘}(’ ‘ZJ(«O‘(\h
rotate, then trénslate translate, then rotate
p=[TI[RIp p=[RI[TIp
Matrix M; RY Matrix M;
M.translate(); &2*° M.rotate();
M.rotate();  gys® M.translate();

draw(); draw();



Help

Level 1 of 20

ERERE

http://www.cs.brown.edu/exploratories/freeSoftware/repository/edu/brown/cs/exploratories/applets/transformationGame/transformation game java browser.html

You need to download the .jar file and run locally


http://www.cs.brown.edu/exploratories/freeSoftware/repository/edu/brown/cs/exploratories/applets/transformationGame/transformation_game_java_browser.html

2. What is the matrix necessary to perform the following 2D transformation?
(You don’t need to actually solve the math, just set up far enough that I would
get an actual matrix result if the math was completed.)

=2

7’?‘

Q)




Exercise: Find the function()

7] 7?

=y
‘@ 5 =
Vertex buffer array Vertex buffer array
0,0 1,3
2,2 4,2
20 f() 12
0,2 4,3
1,3 5.5,2.5

2,2 4,2



3D Transformations




Scaling & Translation in 3D

Scaling

Translation

S(r,s,t) =

T(x,v,z) =

oo

o O -

oo L O

o = O

0
0

0

0
0

0

0
0
0

AR

e

.




Commutativity of rotations—2D

®m |n 2D, order of rotations doesn’t matter:

rotate by 40° Q\\/ 5 rotateby 20° ; >
ﬁ

rotate by 20°

rotate by 40°
ﬁ

—

Same result! (“2D rotations commute”)
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Representing rotations in 3D—euler angles

How do we express rotations in 3D?
One idea: we know how to do 2D rotations

Why not simply apply rotations around the three axes? (X,Y,Z)

Scheme is called Euler angles
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Rotationsin 3D

Rotation about x axis:

1 0 0
R,yp= (0 cosf —sinf
0 sinf cosé@

Rotation about y axis:

cosf 0 siné
Ryo= 0 1 0
—sinf# 0 cosd

Rotation about z axis:

cos) —sinf 0
R.p= [sinf cosf O
0 0 1

P

x coordinate is unchanged by
rotation about x

»X

z coordinate is unchanged by
rotation about z

View looking down -x axis:

A

A,

74 - =

v

View looking down -y axis:
AX

L
u X
.
1
B

hot
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Commutativity of rotations—3D

m Whataboutin3D? !
m [N-CLASS ACTIVITY:  WE
- Rotate 90° around Y, then 90° around Z, & j
then 90° around X = E
- Rotate 90° around Z, then 90° around, E -:
then 90° around X % 3 X
- (Was there any difference?) % Z 3
E
CONCLUSION: bad things can happen if E\ “
we're not careful about the orderin which & |

E .

we apply rotations!
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Gimble Lock — lose a degree of freedom

Gimbal locked airplane. When the pitch (green) and yaw (magenta) gimbals
become aligned, changes to roll (blue) and yaw apply the same rotation to the
airplane. (from Wikipedia)



Alternate rotation : axis-angle

» glRotate(angle, x,y,z);

. Rotation _ T _ I S
y axis AXis ﬂ_!__ggf_qigzii( Qn?l@, .Y, z_)» -
{ ) F!QC‘,‘!CC,S. ‘H)}S 1\;6(‘\}01”910th f-/lﬁcl r'o)(ay‘i_d(z__g[/[ oceer,
4:-1"@;«7'&" o 19533’67, &> cew mTaﬁ‘Qn e)kcnf .
Rotation | ,,loq, [)"3"9/9')5 VEecriot Towaoc/_s O'}jin.
Plane P1 \r o - —————— : :
|| X*(1-cos6) +cosé  xu (1 7C9§6):,Z§M§,,~XZ,(1,'C??,Q)"‘J{S”’ & O
| ux (1-cos€)+2sin@ y2 (1-cose)tcosé 4z (1-CosO)xslné O
| %2 (1-Cos€)=4siné Yz (1-Cos &) +x5ind z2(1-cos@)tcos& O
(6) o O _‘LJ

X axis

(toward viewe



Alternate rotation: Quaternions

Y Lt
] “;(,\\\9
e ot

The complex numbers can be defined by introducing an abstract symbol i which satisfies the usual rules of algebra and addii@hally the r
arithmetic: for example:

(a - bi)(c+ di) = ac adi bic+ bidi = ac + adi - bei - bdi® = (ac — bd) -+ (be + ad)i.

In the same way the quaternions can be defined by introducing abstract symbols i, j, k which satisfy the rulgs = j2 =k’= ijk=-1
example of such a noncommutative multiplication is matrix multiplication). From this all of the rules of quaterntag arithmetic follow,
can show that:

(a--bi+cj--dk)(e+ fi- gj- hk) =
(ae —bf —cg—dh) + (af +be- ch —dg)i+ (ag — bh + ce--df)j+ (ah - bg — cf + de)k.
The imaginary part bi + ¢j + dk of a quaternion behaves like a vector v = (b, ¢, d) in three dimension vector space, and the real part .
convenient to define them as a scalar plus a vector:

a+bi+cj+dk = a+ 7.
Those who have studied vectors at school might find it strange to add a number to a vector, as they are objects of very different natures,
if one remembers that it is a mere notation for the real and imaginary parts of a quaternion, it becomes more legitimate. In other words, tl
vector/imaginary part, and another one with zero scalar/real part:

a+7 = (a,0) + (0,3). wikipedia



Heirarchical Transforms




Skeleton - hierarchical representation

torso
head
rightarm
upper arm
lower arm
hand
leftarm
upper arm
lower arm
hand
rightleg
upper leg
lower leg
foot
left leg
upper leg
lower leg
foot

B
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Skeleton - hierarchical representation

translate(0, 10);
drawTorso();
pushmatrix(); // push a copy of transform onto stack

translate(0, 5); // right-multiply onto current transform
rotate(headRotation); // right-multiply onto current transform
drawHead();
popmatrix(); // pop current transform off stack
pushimalelxl); s R S =
translate(-2, 3);
rotate(rightShoulderRotation);
drawUpperArm();
pushmatrix(); ----------------cceom--- —
translate(0, -3);
rotate(elbowRotation);

pushmatrix(); --------- rlg ht
translate(0, -3); . IOWGI' right
rotate(wristRotation); I:I g hdt arm arm
drawHand(); an
popmatrix(); --------- g e p g e p
popmatrix(); ---------c-cececcaaaaa. —
popmatrii(); -~~---r-crmcmocmamrscmammocmarmacnamnmmns -
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Skeleton - hierarchical representation

translate(0, 10);
drawTorso();
pushmatrix(); // push a copy of transform onto stack

translate(0, 5); // right-multiply onto current transform
rotate(headRotation); // right-multiply onto current transform A\
drawHead();
popmatrix(); // pop current transform off stack
pushimalelxl); =R S
translate(-2, 3);

el rotate(rightShoulderRotation); ‘

drawUpperArm();

/i

pushmatrix(); -------ccacamccmasnanaca —_
translate(0, -3);
rotate(elbowRotation);

pushmatrix(); --------- rlg ht
translate(0, -3); . IOWGI' right
rotate(wristRotation); I:I g hdt arm arm
drawHand(); an
popmatrix(); --------- g e p g e p
popmatrix(); ---------c-cececcaaaaa. —
popmatrii(); -~~---r-crmcmocmamrscmammocmarmacnamnmmns -
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WebGL transforms




Vertex shader: add a matrix




Javascript: Pass the matrix in a Uniform







Administrative




Q&A




End




